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Abstract 

We show that the application of Regge phenomenology to SU(4) meson 
multiplets leads to a new Gell-Mann-Okubo mass-mixing angle formula in the 
SU(3) sector, 3m? + cos 2 9m§ + sin 2 9 m 2 , + \/2sin20 (to 2 , - m 2 ,) = 4m 2 y 2 , 
where mi,mi/2, m o, m o' are the masses of the isovector, isodoublet, isoscalar 
mostly octet and isoscalar mostly singlet states, respectively, and 9 is the nonet 
mixing angle. For an ideally mixed nonet, 9 = arctan l/y/2, this formula 
reduces to 2m 2 , + 3m 2 = 4m 2 y 2 + m 2 , which holds with an accuracy of ~ 1% 

for vector and tensor mesons. For pseudoscalar mesons, with the 77-7/ mixing 
angle — arctan l/(2\/2) ~ —19.5°, in agreement with experiment, it leads to 
the relation 4m| s - = 3m^ + m 2 , which holds to an accuracy of better than 1% 
for the measured pseudoscalar meson masses. 
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The original Gell-Mann-Okubo (GMO) mass formula |l j 

m\ + 3mg = 4m^ 2 (1) 

relates the masses of the isovector (mi), isodoublet (m 1( / 2 ) and isoscalar octet (m§) 
states of a meson octet. It is usually cast into a form which relates mi and mi/2 with 
the masses of the two physical isoscalar states, m ' and mo, which have nn and ss 
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quark content, respectively (n stands for non-strange u- and d-quark), assuming the 
ideal structure of a nonet: 

2 + m 2 , = 2m 2 /2 . (2) 

Indeed, in general the isoscalar octet (us) and singlet (ug) states get mixed, because 
of SU(3) breaking, which results in the physical u>o and u Q i states (the lj q is a mostly 
octet isoscalar): 

ujq = u 8 cos 9 — uj 9 sin 9, 

u > = u 8 sin 9 + u 9 cos 9, 

where 9 is the mixing angle. Assuming, as usual, that the relevant matrix elements 
are equal to the squared masses of the corresponding states, one obtains from the 
above relations 

wig = wig cos 2 9 + ml sin 2 9 — 1m\ % sin 9 cos 9, (3) 

m 2 , = ml sin 2 9 + m 2 9 cos 2 9 + 2m 2 9 sin 9 cos 9. (4) 
Since u and u > as physical states are orthogonal, one has further 

m oo' = = ( m 8 ~ m l) sin 6* cos 6* + mg 9 (cos 2 9 — sin 2 (5) 
Eliminating m 9 and m 89 from (3)- (5) yields 

tan 2 g= m ]~ m \ . (6) 

It also follows from (3)-(5) that m\ = mlcos 2 9 + m 2 / sin 2 9, and therefore, Eq. (1) 
may be rewritten as 

4m 2 / 2 — m\ — 3ml = 3 (m 2 / — sin 2 9, (7) 

which is the Sakurai mass formula 0. For the ideal octet-singlet mixing, tan 6?^ = 
l/\/2, for which uo = ss, u > = (uu + dd) /a/2, Eq. (7) reduces to (2), the formula for 
the ideal structure of a nonet. 

The formula (2) is known to hold with a high accuracy for all well established 
meson multiplets except for the pseudoscalar one. It is widely believed that the 
reason for the invalidity of Eq. (2) for pseudoscalar mesons is a large dynamical mass 
of the isoscalar singlet state developed (before its mixing with the isoscalar octet 
which results in the physical rj and 77 states) due to axial U(l) symmetry breakdown. 
In fact, the observed mass splitting among the pseudoscalar nonet may be induced 
by the following symmetry breaking terms 0, 



= L L TrM (U + U + ) + — [ Tr fin U - In W 

m A \ V / AN L V 



4 V V > 4iV 



const, 
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with M being the quark mass matrix, 

M = diag (m u , m d , m s ) = m s diag (x,y, 1), x = — , y = — , (9) 

m s m s 

in addition to the U(3)lxU(3)r invariant non-linear Lagrangian 

f 2 

L(0) = J —Tr (dpUdHJ), (10) 

with 

U = exp(iir/f), 7i = X a Tc a , a = 0,1,..., 8, 

which incorporates the constraints of current algebra for the light pseudoscalars 7r a 
As pointed out in ref. 0, chiral corrections can be important, the kaon mass 
being half the typical 1 GeV chiral symmetry breaking scale. Such large corrections 
are precisely required from the study of the octet-singlet mass squared matrix M 2 . 
In the isospin limit x = y one has 



1 / Am 2 K - ml -2y/2{ 



mis — m 



2 - 



3\-2V2(m 2 K -ml) 2m 2 K + m 2 + 3a ' 



The r}-r]' mixing angle 9> then reads 



^ = ^ = 2^(1-55^^)". (12) 

For a = 0, one obtains the ideal mixing and the mass relation m^ = m n as the source 
of the U(l) problem [^]. The parameter a is assumed to be induced by instantons 
0, § and is determined by the trace condition a = m 2 + m 2 , — 2m 2 K ~ 0.725 GeV 2 ; 
one then obtains form (12) the mixing angle 

9 m > ~ -18.5°, (13) 

in agreement with most of experimental data . A more popular way to extract the 
77-77 mixing angle, through the relation (6) based on GMO (1) [^Oj] , leads to 



e m > * -10.5°, 

in disagreement with experiment p. On the other hand, in the octet approximation 
m 8 ~ m v , GMO (1) is thought to be quite successful since it predicts 

m 8 w 567 MeV, 

which is within the physical rj mass of 547.5 MeV with an accuracy of ~ 3.5%. Thus, 
GMO for pseudoscalar mesons is believed to be 

4m 2 K = 3ml + m 2 , (14) 
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and although it does not reproduce the 77-77' mixing angle correctly, it gives the mass 
of the 77 with a rather high accuracy. 

In fact, the octet approximation and the corresponding relation (14) mean 

uu + dd — 2ss 

= — 7S — ' 

consistent with the (1/3 n, 2/3 s) quark content of the 77, in agreement with the 
Gell-Mann-Oakes-Renner relations (to first order in chiral symmetry breaking) Jll| 

m 2 w = 2Bm n , 

m 2 K = B (m s + m n ), 

w 2 = ^B(2m s + m n ), (15) 

m n = ; B = const; 

however, the actual quark content of the 77, due to the 773-779 mixing angle ~ —19°, is 
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, -. uu + dd — ss , „ 

77 ~ 0.58 (uu + dd) -0.57 ss « -= , (16) 

v3 

i.e., (2/3 n, 1/3 s), quite different from that provided by (14). Thus, a natural 
suspicion is that m 8 w is purely numerical coincidence, and the actual Gell-Mann- 
Okubo relation should be different from Eq. (14). Moreover, since the (1/3 n, 2/3 s) 



quark content corresponds to the 77 meson, in view of |L2 



/ , . , uu + dd + 2ss , , 

77 ~ 0.40 (uu + dd) + 0.82 ss w -= , (17) 

V6 

one may also suspect that the true mass formula should relate the masses of the tt, 
K and 77 . 

In this paper we derive such a formula which we call the Gell-Mann-Okubo mass 
formula revisited (GMO>). We shall use Regge phenomenology which proved to be 
quite successful in producing hadronic (both mesonic JTB], and baryonic J0|) mass 
relations in both the light and heavy quark sectors. 

As discussed in detail in our previous papers fl3|, 0, |l5l , Regge phenomenology 
for mesons is based on the following two relations among the masses and Regge slopes 
of the states which belong to a given meson mulitplet: 

oi'itrnl + a' fj m 2 fj = 2a fl m 2 fi , (18) 
112 

— + — = — (19) 
a- a -- a - 

tt n 3 i 

In the light quark sector, i = n( — u, d), j = s, one has a' sS ~ a sfl ~ a nfl \ with the 
definition 

2 _^ rn 2 nn (I = l)+m^(/ = 0) 

m nn — o \ / 
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(J stands for isospin), Eq. (18) then reduces to the formula (2). 

We shall also use the following mass relations among vector and pseudoscalar 
meson mass squared: 



2 2 2 2 

m p — m n « m K * — m K 



m 2 D * - m 2 D « - ~ 0.57 GeV 2 . (21) 



This relations are easily obtained in the constituent quark model [JTSfl and an algebraic 



approach to QCD p7| . They lead, e.g., to 

™2 i _2 \ 

^(m^-m 2 ), (22) 



2 m 2 p + ml _ ( 2 m 2 p + mj 



171$ ■— = i \m K * 

in view of (2) and m w ~ m p . 

It is easily seen that the relations (18), (19) may be applied only to pure qq states, 
and neither rj nor rj is such a state. Therefore, in order to apply Eqs. (18), (19) to 
pseudoscalar mesons, one has first to construct the proper states i] n and T] s (as linear 
combinations of the physical r\ and rj ), 

uu + dd _ 
Vn = ^ , Vs = ss, (23) 

which have the masses m Vn and m Vs , respectively, which we determine later on. For 
these states, we apply Eqs. (18), (19) with = (n,c) and = s,c) using the 
experimental fact that the slope of the cc-trajectory is less than that of the nn- and 
ss-trajectories. One has, in agreement with (19), 

= ^T- « :nr-> = TX§- w x> °- (24) 

1 + x 1 + x 1 + 2x l + 2x 



Therefore, 



2 2 

m 2 + ^_ = 2—^, 25 

-L- + = 2-^-, (26) 
1 + 2x 1 + x 



with m 2 ^ defined in (20), in agreement with Eq. (2) in the light quark sector. 
For pseudoscalar and vector mesons, Eqs. (25), (26) may be rewritten as 



2 m l m 2 n 
ml + 2e_ = 2- D 



Vn l + 2x 1 + x ' 

2 2 

r> ^ n _ 777- 7~) 

m 2 + Se- = 2—^, 

5,8 1 + 2x 1 + x 

m2 = mf,. 



p l + 2a; ~ 1 + x' 

m 2 + = 2^, (27) 

* l + 2x 1 + x' V ; 
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where 



2 _ m l + m l n 2 _ m l + ™l 
m v n = IT -2 "' m P= o ' ^ 



It follows from (21), (22), (27) that 

2 



m2 — m~ = [ffln — my,) ~ [m~ n * — % 

2 2 

= ml — m~ ~ 



p 



2 (m| - mj) . (29) 

One then obtains, from (28), (29), 

2 m ;- m ;=H-3m^ (30) 

which is a new Gell-Mann-Okubo (GMO r ) mass formula for pseudoscalar mesons, 
which however cannot be applied to them directly since m Vn and m Vs are not known. 
Therefore, the last step in derivation of the analog of Eq. (30) applicable to pseu- 
doscalar states is to determine the values of m Vn and m Va , in terms of the physical 
m v and m /, in order to use them in Eq. (30). 

We assume the rj-rj' mixing angle to take the "ideal" value 

, = - arctan — -= « -19.5°, (31) 
in agreement with experimental data M. This value was first predicted by Bramon 



18 from a simple quark model and duality constraints for the set of scattering pro- 
cesses TTT] — > TTT], 717] — > 717] , 717] — > 711] , 7]K — > (tT , 7], 7] )K, and T]T] — > T]T], 7]7] — > 7]7] , 

T]T] — > 7]7] .[] Since the ideal mixing of a nonet corresponds to 9{ d = arctan l/\/2 »s 
35.3°, one has from (31) 

7T 



20«-V=n- (32) 
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In view of (32) and 




cos 9 m > - sin 9 m ' 
sm9 m , cos0 w 





cos(9 id - 9 m > ) - sin(9id - # 
sin(6» id - 9 m >) cos(9 id -9. 




cos 6> id 


— sill 




sin 9 id 


cos 




r/rj') J | 






rm'))\ 


77 ; 






(33) 



/ sin0 id -cos9 id 
\ cos9 id sm.9 id 

Assuming, as previously, that the relevant matrix elements are equal to the squared 
masses of the corresponding states, and using the orthogonality of the r\ and r\ as 
physical states, we obtain 

2 1 

™L = + (34) 



1 The mixing angle (31) predicts the suppression of the K% — » K r\ decay Q, in excellent agree- 
ment with experiment ]l0| . 
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in agreement with naive expectations from the quark content of these states. Thus, 
2m^ s — m 2 n = m 2 , ; the use of this result in Eq. (30) leads finally to 

4m 2 K = 3ml + m 2 ,, 

which is our final form of GMO r for pseudoscalar mesons. 

With the measured masses of the states entering Eq. (36) |10| , 

m % = 137.3 ± 2.3 MeV, m K = 495.7 ± 2.0 MeV, Try = 957.8 MeV, 

it gives (in GeV 2 ) 0.983 ± 0.008 on the l.h.s. vs. 0.974 ± 0.002 on the r.h.s.; its 
accuracy is therefore ~ 0.9%. 

The value of m 2 s may be obtained from (6), (31): 

1 

8 : 

therefore 

9m^ g = 8777^ + m 2 , , and m m « 607 MeV, 
in excellent agreement with 

< = \m\ - \m\ - \j^j 2 In ^ » 610 MeV, GeV (38) 

obtained from chiral perturbation theory fl9fl . 

We now wish to extend the application of this new Gell-Mann-Okubo mass for- 
mula (30), which we rewrite here as 

2m 2 - s + 3m^(J = 1) = 4/r& + m 2 nn (I = 0). 

In the case of the ideal mixing of a nonet, it differs from (2) only by a term proportional 
to explicit isospin variation: m 2 nfl {l = 1) — m 2 nfl {l = 0). However, in contrast to (2), 
it has correct (3 and 1, respectively) isospin degeneracies for the isovector and non- 
strange isoscalar states. Moreover, as we have shown in the example of pseudoscalar 
mesons, this formula may work when its counterpart (2) does not; namely, in case of a 
non-ideal nonet mixing. As clear from its derivation, the formula (2) will hold only for 
an ideally mixed nonet; in contrast, Eq. (30) is obtained from Regge phenomenology 
based on Eqs. (18), (19) which relate the masses of pure qq states but not the nonet 
mixing angle, and will therefore hold even if a nonet mixing differs from the ideal one 
(e.g., if the isoscalar octet mass is shifted from its "GMO value" (1), Eq. (6) will 
not be compatible with 6 = 9 id , even if u = ss, u ' = nn). The generality of Eqs. 
(18), (19) which are the basis of the formula (30), and of the arguments used for its 
derivation suggests that this formula should be applicable to any meson multiplet, 
not only to the pseudoscalar one. Also, as discussed above, in cases when the nonet 
mixing is not ideal but two isoscalars are almost pure 7777 and ss states (which are 
realized in the real world in some cases), we expect this formula to hold with better 
accuracy than Eq. (2). 
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(36) 



m 2 m - m 2 



777 



777 



(37) 



In order to test this, we shall apply the formula (30) to two well-established meson 
multiplets, vector and tensor mesons. 

For vector mesons, we write down this formula (assuming u m nn, ~ ss) as 

2m\ + 3m 2 = 4m 2 K , + m 2 . (39) 

For the measured meson masses entering Eq. (39), it gives (in GeV 2 ) 3.85 on the 
l.h.s. vs 3.81 ± 0.02 on the r.h.s.; the accuracy is therefore 1.1%. For comparison, 
Eq. (2) for vector mesons gives (in GeV 2 ) 1.64 vs. 1.60 ± 0.02, with the accuracy of 
2.5%, a factor of two worse than that of (39). 

For tensor mesons, Eq. (30) should be written down (with f 2 ~ nn, f 2 ~ ss) as 

2m 2 , + 3m 2 2 = Am 2 K * + m% , (40) 

which for the measured meson masses gives (in GeV 2 ) 9.86 ± 0.03 on the l.h.s. vs. 
9.79 ± 0.07 on the r.h.s., with the accuracy of 0.7%. Eq. (2) in this case gives (in 
GeV 2 ) 4.01 ± 0.02 vs. 4.08 ± 0.03, with the accuracy of 1.7%, again, a factor of two 
worse than that of (40). 

Finally, we cast Eq. (30) into a form which involves the physical meson masses 
and nonet mixing angle, and therefore is applicable to every meson nonet. 

It follows from (33) that 

m 2 = sin 2 £ m 2 , + cos 2 £ m 2 ,/ , 

m 2 = cos 2 £ TOq + sin 2 £m 2 /, (41) 

where m , m Q r are the masses of the isoscalar mostly octet and singlet states, respec- 
tively, and £ = 9 id — 9, 9 being the nonet mixing angle. Using these expressions for 
m 2 and m 2 in Eq. (30), one obtains 

(3 cos 2 £ - l) ml + (2 - 3 cos 2 f ) m\, = 4m 2 /2 - 3m 2 , (42) 

where mi, mi/ 2 are the masses of the isovector and isodoublet states, respectively, 
which finally reduces, through 

\[2 cos 9 + sin 9 . . 

cos£ = -j= , (43) 

to 

3m 2 + cos 2 9 ml + sin 2 9 m\, + \Pl sin 29 (ml - m 2 , ) = 4m 2 /2 , (44) 

which is a new nonet mass-mixing angle relation. For an ideally mixed nonet, tan# = 
1/V2, it reduces to 

2ml + = m o' + ^ m \/2-> 
which is equivalent to (30); for the pseudoscalar nonet, tan# = — 1/(2\/2), it leads to 



3m 2 = 4m 2 / 2 — m 2 ^ , 

which is equivalent to (36). 

The new mass-mixing angle relation (44) is the main result of this paper. 
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Concluding remarks 



We have derived a new Gell-Mann-Okubo mass formula, Eq. (30), by applying Regge 
phenomenology to pseudoscalar and vector mesons. For pseudoscalar mesons, using 
the 77-77 mixing angle ~ —19.5°, in agreement with experiment, this formula may be 
reduced to Eq. (36) which relates the masses of the it, K and 77 mesons. This relation 
predicts the mass of the r\ meson, raj = 962.4 ± 5.1 MeV, within the physical mass 
of 957.8 MeV with an accuracy of ~ 0.5%. Since no additional assumption except 
the linearity of the corresponding trajectories and the additivity of the inverse slopes, 
Eq. (19), has been made in deriving Eqs. (30) and (36) (Eq. (36) is based on the 77-77 
mixing angle ~ —19.5° which is provided by duality constraints [0), we conclude 
that Regge phenomenology suffices to describe the 77 mass, which has been a mystery 
for a long time. The question remains, however, about the mass of the isoscalar singlet 
state (before its mixing with the isoscalar octet which results in the physical 77 and 77 
states): since, independent of the mixing angle, m 2 8 + m 2 g = m 2 + ra 2 , (as seen, e.g., 
in Eqs. (3), (4)), the value of m m (37) leads to m vg ~ 921 MeV. Thus, compared to a 
40 MeV shift of the mass of the r/ 8 from its GMO value by chiral corrections, which is 
only 7% of its bare (GMO) mass, the mass of the 779 is shifted by ~ 500 MeV, taking 
its "GMO" value as ~ (2m|- — r m 2 s ) 1 ^ 2 . We believe that such a large shift of the mass 
of the pseudoscalar isoscalar octet state is due to instanton effects discussed in detail 
inrefs. §, |2g. 

It is clear from our arguments given above that Eq. (30) or its mass-mixing angle 
form (44) should also hold for scalar mesons. It would be very interesting to consider 
the scalar meson case and shed some light on the long-standing problem of the correct 
qq assignment for this nonet. We plan to do this in a forthcoming publication. 

Also, the generalization of the relations for meson masses and mixing angles dis- 
cussed in the paper to finite temperature and/or baryon density would be very im- 
portant for the understanding of the in-medium hadron behavior and its possible 
consequences for the decay widths and particle spectra, in view of ongoing exper- 
imental activity of different groups all around the world in the search for the new 
phases of matter. 
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